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Loading and Batching to Minimize Flow Times in Flexible Manufacturing Systems 

 

Abstract 

A mixed integer nonlinear program is formulated to solve the problem of tool loading and 

batching production for multi-product types on single flexible machines (SFMs) among several 

logical workstations.  The decisions involve loading tools from each SFM’s limited capacity 

tool maga-zine, allocating work to each SFM, and setting batch-sizes so as to minimize the total 

flow time.  For the case of single-product type on parallel heterogeneous SFMs, the problem 

can be proved to be NP-hard.  A relaxed flow problem and a heuristic solution are used to 

develop a branch-and-bound algorithm for computing the optimal solution.  Based on the 

analysis of the optimal solution, a ratio comparison method is used to develop a heuristic 

procedure for obtain-ing a good solution in a short time.  Computational results show that the 

algorithms are quite efficient.  Several valuable managerial implications are derived from the 

ratio comparison method and its excellent performance.



 

 1  

Loading and batching to minimize flow times in flexible manufacturing systems 

 

1. Introduction 

A flexible manufacturing system (FMS) is an automated batch manufacturing system consisting of 

numerically controlled (NC) machines, linked by automated material handling devices that perform the 

operations required to manufacture parts (or products).   Each operation requires one or more cutting 

tools.  The tools for all operations to be performed by a machine are stored in its tool magazine which 

has limited capacity.  Each machine has an automatic tool changing device that can interchange two 

cutting tools in seconds Stecke [20].  MacCarthy and Liu [18] define a single flexible machine (SFM), 

a more basic unit of FMS, which consists of a single NC machine with tool changing capacity, a 

material handling device and a part storage buffer. Due to the intractability of the FMS production 

planning in its general forms, hierarchical approaches are usually suggested to solve decision problems 

sequentially [8, 20].  Under each specific objective, the FMS logical cell formation problem may be 

solved by partitioning the set of multiple products to be processed into disjoint product types, and the 

set of SFMs into workstations, with each workstation dedicated to processing one product type to 

improve the FMS efficiency or resource utilization [2, 11, 14, 15].  A work-station is defined to be a 

group of heterogeneous SFMs and may be organized logically, rather than physically [11]. In this type 

of situation, the loading and the batching decisions may become the subsequent procedure for the FMS 

setup problem. Given multi-product types to be produced among workstations during the next period, 

this study considers the FMS loading and batching problem that simultaneously allocates tools to SFMs 

and determines each heterogeneous SFM’s workload, the number of batches and the relevant batch 

sizes for minimizing the total flow-time.  

In an FMS, the loading problem is defined as the assignment of the operations corresponding to 

the product types and the needed tools to versatile FMS machines, subject to the technological 

constraints such as tool magazine capacity, production capacity, and some loading objectives [20].  
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Since batch manufacturing is the norm for most (if not all) FMSs, batching consideration becomes an 

important factor for establishing the loading decisions. Unfortunately, such considerations are not 

adequately reflected in the existing loading research.  The batching decisions belong to an important 

class of scheduling problem.  Basically, one is to determine the optimal batch sizes so as to minimize 

flow times. For an automated system to perform well, it is also necessary to integrate tooling 

management and the other basic production functions, such as process planning, scheduling, part 

design, and part programming.  The concepts and methods used in a conventional job shop are also 

applicable to FMSs.  Most of the existing loading procedures for both conventional systems and FMSs 

tend to balance the assigned workload on each machine.  The aim is to equalize the total processing 

time, or workload, of the operations assigned to each machine.  As a result, each operation is often 

assigned to only one machine and consequently each product has a fixed route through the shop. The 

benefits of the flexibility and other capabilities of an FMS cannot be fully captured by a fixed route 

processing.  Integrating batching considerations into the tool loading decision can remedy the 

deficiency of the fixed routing processing. 

The importance of tool loading management in FMSs has gradually been recognized by both 

researchers and practitioners.  Tool loading has been estimated to comprise about 20% of the cost of 

new manufacturing systems.  For FMSs, the proportion may be even higher since tool loading 

includes high-cost fixtures and pallets [22].  Despite this high tooling cost, there has been a relative 

dearth of tool loading research.  Zhou and Wysk [25] observed that, although the advent of FMSs has 

greatly increased the productivity potential of manufacturers, the management of the increased number 

of tool components and their application requirements have hindered increases in productivity. 

Several integer programming models have been proposed to solve the FMS loading problems, but 

not all of them take tooling into account.  When tool loading has to be handled by the model, the load 

assignment may have to be changed completely [24].  Some researches have proposed models 

integrating tool loading into production planning problems [1, 6, 9, 10, 12, 13, 19, 20, 21, 23, 24].  
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Difficulties arise since that an integer programming formulation is usually not the best way for 

developing heuristics. Also, batching considerations are absent from these models.  For the batching 

decisions in a job shop environment, several mixed integer nonlinear programs for single-product and 

multi-product cases have been formulated and solved by Dobson, Karmarkar and Rummel (DKR) [3, 4] 

and Lee and Chung [16, 17] respectively.  This study extends the batching problems on parallel 

heterogeneous machines to the loading and batching problem for producing the homogeneous products 

(or, the same product type) in the same workstation while the heterogeneous products (or, the different 

product type) in the other. The FMS considered here consists of a certain number of workstations and 

each workstation is composed of a relevant number of SFMs with known tool magazine capacity. The 

problem is formulated as a convex quadratic programming model for minimizing the total batch 

flow-time.  It should be noted that although we deal with only one product type in each workstation, 

its demand needs to be grouped into multiple batches and allocated to each SFM with different sets of 

tools. For the homogeneous products, the technique developed by DKR [4] can be used to improve the 

flow time and it is unnecessary to incorporate the detailed DKR’s procedure during the production 

planning stage. 

This rest of the paper is organized as follows: Section 2 formally defines the problem and presents 

its mathematical formulation with quadratic batch flow-time; Some properties of the optimal solution 

and the computational complexity are discussed in Section 3; Section 4 provides lower bounds and 

solution procedures including two efficient optimal solution algorithms and a good heuristic algorithm; 

The computational results and comparisons between the heuristic solutions and the optimal solutions 

are reported in Section 5. Finally, Section 6 summarizes the study and suggests directions for future 

research. 

 

2. Problem Formulations 

      In this section, we formalize the tool loading and batching problem in an FMS with multiple 
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workstations.  Due to the physical constraints of SFMs and their tool magazines for different product 

types, it is prohibited to shift SFMs from one logical workstation to another in a production period. 

Without loss of generality, it is assumed that any workstation and its product type have the same index 

and that there are Dg pieces of product type g to be processed on mg separate SFMs at workstation g.  

For SFM i at workstation g , i = 1,...,mg , there are | Lgi | different tools ready to be selected from each 

tool magazine and run on each SFM.  The demand quantity of product type g , Dg , is assumed to be 

continuously divisible and will be produced at work-station g in a production cycle.  The objective of 

the problem is to allocate Egi pieces to SFM i , i =1,...,mg , to choose a tool type j , j ∈ Lgi , from the tool 

magazine of SFM i and then to divide each allocation into batches qgijb , b = 1,..., ngij , at workstation g, 

g =1,…, w, such that the total batch flow-time for work-in-process is minimized.  From the updated 

tool database, the tool setup and processing data associated with an SFM can be obtained and used 

immediately.  

The following notations will be used in formulating the problem:  

g = the index for workstations or product types; g =1,…, w; 

i = the index for SFMs; i =1,…, mg  , g =1,…,w; 

j = the index for tool types; j ∈ Lgi , i =1,…, mg , g =1,…,w; 

b = the index for batch orders; b =1,…, ngij , j ∈ Lgi , i =1,…, mg , g =1,…,w;  

w = the number of workstations or product types; 

mg = the number of SFMs at workstation g; 

Dg = the demand quantity of the product type g; g =1,…, w;  

Lgi = the index set for tool types on SFM i at workstation g; 

sgij = the setup time for tool type j selected from Lgi at workstation g; 

rgij = the processing rate for tool type j selected from Lgi at workstation g;  

Decision variables for the problem are defined as follows: 

Egi = the amount of product types g allocated to SFM i at workstation g; 
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Agij = the amount of work allocated to SFM i for tool type j at workstation g; 

ngij = the number of batches to be run on SFM i as tool type j is selected at workstation g; 

qgijb = the size of the bth batch on SFM i as tool type j is selected at workstation g; 

xgij = 1, if tool type j is selected on SFM i at workstation g; 0, otherwise. 

 The batch-flow problem for the multiple workstations case can be formulated as follows: 

(P1)      Minimize })({
111 1

gijb

b

h
gijgijhgij

n

bg

m

i Lj
gij qrqsx

gijg

ig

w
∑∑∑∑ ∑
=== = ∈

+                           (1) 

     subject to  ∑
=

gijn

b
gijbq

1

 = Agij , j∈Lgi , i = 1,..., mg , g = 1,…, w,                        (2) 

∑
∈ igLj

gijgij Ax = Egi , i = 1,..., mg , g = 1,…, w,                            (3) 

∑
∈

≤
igLj

gij ,x 1  i = 1,..., mg , g = 1,…, w,                                (4) 

∑
=

gm

i
giE

1
= Dg , g = 1,…, w,                                         (5) 

Egi ≥ 0 , i = 1,..., mg , g = 1,…, w,                                   (6) 

xgij Agij ≥ Agij ≥ 0 , j∈Lgi , i = 1,..., mg , g = 1,…, w,                       (7) 

xgij ∈{0, 1}, j∈Lgi , i = 1,..., mg , g = 1,…, w,                           (8) 

ngij∈Z+ , j∈Lgi , i = 1,..., mg , g = 1,…, w,                              (9) 

qgijb ≥ 0, b = 1,..., ngij , j∈Lgi , i = 1,..., mg , g = 1,…, w,                  (10) 

where Lgi , i = 1,..., mg , g = 1,…, w, are mutually exclusive. 

In model P1, the objective is to minimize the sum of the flow-time for each loaded tool on its 

SFM for all workstations.  The first set of constraints makes sure that the sum of batch sizes for the 

tool type j on SFM i at workstation g equals its allocation amount. The second and third con-straint sets 

require that there is at most one loaded tool on each SFM and its allocation amount equals Egi , i = 1,..., 

mg , g = 1,…, w.  Constraints (5) through (7) insure that the sum of the allocations on each SFM at 

workstation g equals to the total demand quantity of product type g, Dg , and Agij = 0 when xgij = 0, but 
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allows them to take on a value greater than zero when xgij = 1.  

Because each product type is only produced at its assigned logical workstation, the optimal flow 

time can be obtained by partitioning problem P1 into w subproblems (i.e., problem P2 described in 

Section 3) corresponding to w product types and then solving each subproblem for its assigned product 

type iteratively.  We will discuss the loading and batching problem for single-product type in the 

subsequent sections and the computational results for multi-product types in Section 5.   

 

3. Computational Complexity 

In this section, we analyze the computational complexity of problem P1.  First, suppressing the 

workstation subscript g, we derive a problem P2 equivalent to the single-product case of P1 and then 

show that P2 is NP-hard.  Some lemmas pertaining to problem P2 will be derived.  For any tool 

loading problem, these results can be used to calculate the batch flow-time with ease.  We here define

σ(˙) as a tooling assignment function on a particular SFM; σ( i ) represents the assignment index of 

the tool loading on SFM i.  Also, Rσ= (r1σ(1) , r2σ(2) ,...,rmσ(m)) denotes the set of processing rates, Sσ= 

(s1σ(1) , s2σ(2) , ...,smσ(m)) the set of setup times, and fb(m, Rσ , Sσ , D) the function of the optimal flow 

time for processing a total amount of work D at m SFMs with setup times s1σ(1) , s2σ(2) ,..., smσ(m) , and 

processing rates r1σ(1) , r2σ(2),...,rmσ(m).  It is obvious that the following problem is equivalent to the 

case of single-product type of P1. 

(P2)       Minimize ijb

b

h
ijijhij

m

i Lj

n

b
qrqs

i

ij

∑∑∑∑
== ∈ =

+
11 1

)(                                     (11) 

  subject to   ∑
=

=
ijn

b
ijijb ,Aq

1

 j∈Li , i = 1,..., m,                                  (12) 

∑
∈

=
iLj

iij ,EA  i = 1, ..., m,                             (13) 

∑
=

=
m

i
i ,DE

1
                                                       (14) 
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Ei ≥ 0 , i = 1, 2,..., m,                                              (15) 

| Mi |≤ 1 , Mi = { j | ∃ Aij > 0 , j ∈ Li }, i = 1, 2, ..., m                     (16) 

Aij ≥ 0 , j ∈ Li , i = 1, ..., m,                                         (17) 

nij ∈ Z+, j ∈ Li , i = 1, ..., m,                                         (18) 

qijb ≥ 0, b = 1,.., nij , j ∈ Li , i = 1, ..., m,                               (19) 

where Li , i = 1,...,m, are mutually exclusive. 

Once the tooling assignment problem is solved, we may obtain the number of active SFMs and the 

multiplier value using the same procedure given by DKR [3]. Lemma 2 presents the calculation of the 

total batch flow-time in a simple form. Without loss of generality, we assume that s1σ(1)≤  s2σ(2) ≤ ...≤  

smσ(m) . 

Lemma 1. P2 is equivalent to the case of single-product type of P1. 

Proof. See Appendix. 

Lemma 2. For any tooling assignment,σ, if p (≦m) SFMs are active and its multiplier value is σλ , 

then fb(m, Rσ , Sσ , D) = 2]}12)2(-)1([){1( )()()()()()(
222

1
+++∑

=
iiiiiiiiii

p

i
ii nsnnrn σσσσσσσ λ  

= 2)]}([12)-(1){1( )()()()()()()()(
2

1
iiiiiiiiiiiiiiii

p

i
ii rnEsEnnsrn σσσσσσσσ +++∑

=

, where )(iin σ = 

 21)](241[ 21
)()( ++ iiiii rsE σσ  =  21]241[ 21

)( −+ iis σσλ  , σλ = ++ )()( )11( iiiii rnE σσ  

,2)1( )()( +iiii ns σσ  and ,2])1([ )()()()()( iiiiiiiiiii snnnrE σσσσσσ λ −+=  i = 1, 2,…, p. 

Proof. See Appendix. 

Corollary 1. For any tooling assignment,σ, if it contains m active SFMs with the multiplier  

=+==> ∑
=

m

i
iiiiiibiiii rEsED,S,R,mfmi,Drs

1
)σ()σ()σ()σ(σ )()(then,,...,1andtoequalvalue σσλ     

2,)(and),()2(where4,)-( )σ(σ)σ(
1 1

)σ()σ()σ(σ
2

)σ(
2
σ

1
)σ( iiiii

m

i

m

i
iiiiiiii

m

i
ii srErrsDsr −=+= ∑ ∑∑

= ==

λλλ   

i =1, ..., m. 

Proof. See Appendix. 
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For a two-tool system with 2m single-tool SFMs, we have | Li | = 2, i =1,..., m, the setup time s11 , 

s12 , s21 , s22 ,..., sm1 , sm2 and the associated processing rates r11 , r12 , r21 , r22 ,..., rm1 , rm2 .  To 

facilitate our discussion, we define the following notations:  S = (s11, s12 ,...., sm1 , sm2), R = ( r11 , r12 ,..., 

rm1 , rm2 ), Sσ= ( s1σ(1) ,..., smσ(m) ), Rσ= ( r1σ(1) , ..., rmσ(m) ) and Sδ = ( s1δ(1) ,..., smδ(m)), Rδ= ( r1δ(1) , ..., 

rmδ(m)) .  And, we note that {σ(i),δ(i)} = {1, 2} , i = 1, 2, ..., m .  

Lemma 3. For a two-tool case, given any amount of work D such that 2D < sij rij and sh
ij  >> sl

ij  >> D 

whenever h >l, h , l∈  Z+ , j = 1, 2 , i = 1, 2, ..., m.  Assume that all SFMs associated with  

fb ( 2m, R, S, 2D) and fb(m, Rσ , Sσ , D) are active.  Then, fb (2m, R, S, 2D) = 2fb(m, Rσ , Sσ , D)  

.,,h,rsrs ii

m

i

h
iiii

m

i

h
ii 210ifonlyandif )δ(

1

2
)δ()σ(

1

2
)σ( ==∑∑

=

−

=

−

 

Proof. See Appendix. 

Theorem 1. P2 is NP-hard. 

Proof. See Appendix. 

Since P2 is NP-hard, it is desirable to find the associated batch-flow relaxation problem on the 

binary searching tree which in turn can be solved by the DKR algorithm [3].  In the next section, the 

basic rationale will be discussed in developing two efficient optimal solution algorithms and a heuristic 

procedure. 

 

4. Algorithms for Solving P2: Optimal Solution & A Heuristic Procedure 

From the analysis above, it is obvious that problem P2 can be divided into∏
=

m

i
iL

1
 smaller 

problems. Suppose A ij is the amount of work allocated to SFM i as tool type j is loaded.  The 

resulting subproblem for tool type j on SFM i is: 

(P3)               fij( ijA )≡Minimize ijbijijh

b

h

n

b

qrqsij

ij

)(
11

+∑∑
==

                        (20) 

subject to                 ∑
=

ijn

b
ijbq

1

= A ij ,                                       (21) 
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nij ∈Z+, j∈ L i , i =1,…, m,                            (22) 

qijb ≥ 0, b =1,…, nij. .                                                        (23) 

Without Constraint (14), problem P2 can be solved by the DKR algorithm.  Since the convex 

quadratic programming relaxation problem can be solved first as an allocation problem and then as a 

batching problem, the original problem P2 can be rewritten as: 

(P4)                 Minimize  )(
1

ij
Lj

m

i

Af
i

ij∑∑
∈=

,                                (24) 

          subject to       ,m,...,i,EA i
Lj

ij
i

1==∑
∈

                                (25) 

          ∑
=

m

i
iE

1
 = D,                                        (26) 

          |Mi| 1≤ ,Mi= }0{ iij Lj,Aj ∈>∃ , i =1,…, m,               (27) 

          Ei 0≥ , i=1,…, m,                                   (28) 

          Aij 0≥ , iLj∈ , i=1,…, m,                             (29) 

where Li , i = 1, 2, ..., m , are mutually exclusive. 

Removing constraint (27) from P4, we can easily implement the allocation procedure of the 

relaxation problem, and then test the feasibility of constraint (27) at the active SFMs. If the allocation 

procedure shows that all active tool types are feasible for P4, then it will proceed to calculate the 

multiplier value and each batch size.  For P3, a solution in the closed form has been developed by 

DKR [4].  Based on the same logic, we develop two optimal solution algorithms and a heuristic 

procedure.  The extensive numerical experiments seem to suggest that the performance of the depth 

first search combined with a branch-and-bound algorithm on the binary searching tree is most efficient. 

A ratio comparison method is adopted in the heuristic algorithm.  By testing the ratio of the setup time 

raised to the fifth power over the processing rate between idle tool and active tool on each SFM, the 

solution can be improved by approximately 1/10 of the heuristic objective value for a small size 

problem.  Theoretically, a tighter lower bounding function will always improve the efficiency of a 
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branch-and-bound algorithm.  We take advantage of this property to facilitate the search for the 

optimal solution on the binary searching tree.  The following rules are used in selecting variable Aij 

for branching SFM i where | Mi | > 1 :  

       (a) Choose SFM i* for branching such that | Mi* | = 
i

max {|Mi| ||Mi|> 1}        (30) 

         (b) Choose SFM i* for branching such that | Mi* | = min
i

{|Mi| ||Mi|> 1}        (31) 

where Mi (⊆Li), i = 1,..., m , is the index set of variables, Aij , which are not yet fixed at the current 

node. Two algorithms BES1 and BES2 implement the depth first search combined with the 

branch-and-bound algorithms, each of which adopts (30) and (31) respectively. 

If the variable set *i
M is selected, then the variable Ai* j* in *i

M , with the following property are 

used for branching:   ,}{max ji
Mj

ji *

*i

** AA
∈

=                                          (32) 

where A i* j can be obtained from the following equations: 

 21)241(
21
−+= jiji ** sˆn λ  , and A i* j ,snnnˆr

jijijijiji ***** ]2-)1([ += λ   j .M *i
∈  

The approximation of the multiplier value, λ̂ , is obtained using the same procedure as presented in 

DKR[3].  We set Ai* j= 0 for j≠ j* in the left child of the current candidate node and Ai* j* = 0 in the 

right child.  It should be noted that if the current relaxation problem is infeasible, the true value of the 

multiplier will not be calculated. The notations used in the development of the algorithms are listed as 

follows. 

Po = initial optimization problem, 

Fo = the current least upper bound of the objective, 

λo = the multiplier value for producing the assigned product type corresponding to Fo , 

To = the index set of the tools selected corresponding to Fo , 

ioT  = the index of tool selected on SFM i corresponding to To , 

Pc = the current candidate problem being explored, 
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Fc = the optimal batch flow-time corresponding to Pc , 

cλ  = the multiplier value for producing the assigned product type corresponding to Fc , 

Tc = the index set of the tools selected corresponding to Fc , 

icT  = the index of tool selected on SFM i corresponding to Tc , 

jcW  = the index of SFM which selects tool j corresponding to Fc , 

Nc = the index set of the current candidate tools on searching tree, 

Rc= the set of processing rates corresponding to Nc , 

Sc = the set of setup times corresponding to Nc , 

PARENT(Pc) = the parent of Pc , 

CHILD(Pc)I = the I th child of Pc , I = 1, 2 , 

(Pc)R = the relaxation problem of Pc , obtained by removing constraint (16), 

(i, j) = the assignment for tool j selected on SFM i, 

N = the index set of all assignments, 

IWC = the index of the current candidate SFM to be assignd, 

FL = the lower bound value for the current candidate problem, 

FH = the batch flow-time for the initial heuristic solution, 

λH = the multiplier value for producing the assigned product type corresponding to FH , 

TH = the index set of tools selected corresponding to FH , 

iHT  = the index of tool selected on SFM i corresponding to TH , 

jHW  = the index of SFM which selects tool j corresponding to FH , 

Fp = the previous batch flow-time before improving the heuristic objective value. 

We will state the lower bound function and the fathoming rule in Lemma 4 and Lemma 5. 

Lemma 4. If tool type j and tool type h are available on SFM i such that sij ≤ sih , rij > rih , j , h ∈Li , i 

=1, ..., m , then the optimal solution will not choose tool type h on SFM i . 
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Proof. See Appendix. 

Lemma 5. In the current candidate problem, define .}1{}1{ m,...,iRR,m,...,iSS
ii LLLL ====   

If }{min ijLjL sS
i

i ∈
= , i = 1,..., m, and }{max ijLjL rR

i
i ∈
= , i = 1,..., m, then fb(m, RL , SL , D ) ≤  Fc .  

Proof. See Appendix. 

Using Lemma 5 in the optimal solution algorithms BES1 and BES2 respectively, we are able to 

reduce the computing time by about 25% in obtaining the optimal solution for the small size problem. 

 

A Lower Bound 

Suppose that the optimal objective value of P2 equals F* and that the upper limit of the searching 

depth is set to equal l .  Because P2 is NP-hard, we may not be able to obtain the optimal solution in 

some cases as the depth of the binary searching tree reaches l .  In this situation, we define the 

candidate problem Pl
c whose depth equals l and its relaxation problem is infeasible.  The set of all Pl

c 

will be Vl .  If the optimal solution algorithm cannot yield the solution at the depth l of searching tree, 

then Lemma 5 clearly implies that ≤
∈

)(min D,S,R,Nf ccc
b

l
l
c VP

 F*. 

In the following algorithms, all input data are preprocessed such that if sij < sih , then rij < rih , j , 

h∈  Li , i = 1 ,...,m. 
 
Algorithm BHS 

Step 1. (Initialization) Set Nc =U
m

i
iL

1=

 and DH= .mDN c  Find Rc , Sc , fb(|Nc| , Rc , Sc , DH )     

      and ijA , j iL∈ , i=1,…, m.  Go to Step 2. 

Step 2. (Heuristic assignment) For i = 1,..., m, find
iHT  such that A ij*=

iLj∈
max { A ij| j iL∈ , A ij > 0} 

      and 
iHT ={j*}. If 

iHT ≠ φ, go to Step 3. Otherwise, find sij*=
iLj∈

min {sij}, set 
iHT ={j*} and  

      go to Step 3. 
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Step 3. (Calculation) Set Nc =U
m

i
Hi

T
1=

. Find Rc , Sc , fb(|Nc| , Rc , Sc , D ), FH andλH . Set Fp =FH , 

      IWC = 1. Go to Step 4. 

Step 4. (Iterative improvement) 

      If IWC >m and Fp = FH , go to Step 8. 

      If IWC > m and Fp > FH , set IWC = 1 and Fp = FH . Go to Step 5. 

      If IWC≤m , go to Step 5. 

Step 5. (Current candidate tool) Find J* such that {J*}= 
IWCHT .  If {J*}≠ φ, go to Step 6. Otherwise, set 

IWC = IWC + 1 and go to Step 4.   

Step 6. (Ratio comparison test)  

      Find J** such that Qj** = {max
J

QJ| QJ = ][][
,,,,

5
*JIWCJIWCJIWC*JIWC

rrss >1}. Set 
IWCcT ={J**}. 

      If  
IWCcT = φ, set IWC = IWC + 1 and go to Step 4.  Otherwise, set 

icT =
iHT , i =1,…,m,  

      i≠ IWC.  Go to Step 7. 

Step 7. (Calculation, Fc ) Set Nc = .T
m

i
ciU

1=

 Find Rc , Sc , fb (| Nc | , Rc , Sc , D), Fc andλc . If Fc ≥  FH , 

set IWC = IWC + 1 and go to Step 4. Otherwise, set FH = Fc ,λH =λc , IWCHT   
IWCcT , and 

IWC = IWC + 1. Go to Step 4. 

Step 8. (Termination) Output the heuristic solution, FH ,λH and 
iHT , i = 1, 2,..., m . 

Algorithm BES 

Step 1. (Initialization) Use Algorithm BHS to find FH ,λH and TH . Set Fo = FH ,λo =λH , To = TH and 

Pc = Po .  Go to Step 2. 

Step 2. (Solving the allocation relaxation) Find active tool types for (Pc )R . If the allocation is feasible 

for Pc , go to Step 5. Otherwise, go to Step 3. 

Step 3. (Lower bound test) Find FL . If FL≥Fo , go to Step 6. Otherwise, go to Step 4. 
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Step 4. (DFS-search, Branching) Find CHILD(Pc)I , I = 1, 2.  Choose an SFM for branching using 

search strategy (30) or (31) and generate CHILD(Pc)I , I = 1, 2, using the branching rule (32).  

Set Pc = CHILD(Pc)1 , go to Step 2. 

Step 5. (Calculation) Find Fc , Tc andλc . If Fc≥Fo , go to Step 6. Otherwise, set Fo = Fc , To = Tc and

λo =λc . Go to Step 6. 

Step 6. (Backtracking) Set Pc = PARENT(Pc).  If we have searched all children of Pc , go to   

      Step 7.  Otherwise, go to Step 8. 

Step 7. If Pc = Po , go to Step 9.  Otherwise, go to Step 6. 

Step 8. Set Pc = CHILD(Pc)2 , go to Step 2. 

Step 9. (Termination) Output the optimal solution, Fo ,λo , ioT  , i = 1,..., m and each SFM's batch 

      number and its relevant batch sizes. 

 

5. Computational Results 

We conduct several experiments to evaluate the effectiveness of the heuristic and to compare the 

heuristic solution with the optimal solution and lower bound over different ranges of problem 

parameters.  Since problem P2 is NP-hard, it is rather difficult, if not impossible, to solve the large 

size problem in a reasonably short time.  We here present some sample computational results of these 

different algorithms.  When we encounter the worst case in the total branch-and-bound enumeration, 

we may expect that ∑∏
= =

w

g

m

i
ig |L|

1 1

 number of operations is required to solve the batch-flow relaxation 

problem. Algorithms BES1 and BES2, which adopt branching rules (30) and (31) respectively, are 

developed to obtain the optimal solution. BHS adopts the heuristic assignment and an iterative ratio 

comparison method to find a satisfactory solution. In order to evaluate the proposed algorithms for 

solving the loading and batching problem, we generate a total of 77 problems which are divided into 

two separate sets. The first set of 53 problems are solved by the following algorithm combinations: two 
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efficient optimal solution algorithms, BES1 and BES2, and the heuristic algorithm BHS.  The second 

set of 24 problems are solved by algorithms BHS and a lower bound.  The lower bound is produced 

by fixing the level on the searching tree of BES1.  Test data were randomly generated using the 

following distribution parameters. Setup times (sij) are uniformly distributed between 5.0 and 40.0. 

Process-ing rates (rij) are uniformly distributed between 5.0 and 50.0. A normal distribution N (kμ, kσ) 

is assumed for the demand for each product type, where k is a positive number,μ= 1,000 andσ= 200.    

The rest of the data are shown in Tables 1 and 2.  Average CPU seconds required for each problem by 

the optimal solution algorithm, and heuristic algorithm are also included. 

< Insert Tables 1 - 2 here> 

Table 1 shows that BES1 performs better than BES2 while the heuristic algorithm, BHS, does 

provide a good solution.  In all the test problems, BHS performs extremely well.  In case of large 

size problems, a lower bound is used to evaluate the heuristic solutions and the computational results 

are shown in Table 2.  For the small and medium size problems, the optimal solutions of P2 can be 

easily obtained by algorithm BES1.  When the size of P2 becomes large, BHS can produce a good 

solution in a short time.  Analyzing the solution structure of problem P2, we find that the ratio 

comparison method is quite useful.  It helps obtain the optimal solution quickly and all SFMs’ are 

almost active by their flexible tool magazines in the solution.  The same conclusion can be drawn for 

the lower bound.  Moreover, some implications for the tool loading and batching decisions can be 

derived from the ratio comparison method and its computational results.  It is demonstrated that each 

tool’s setup time raised to the fifth power over its processing rates can determine tool loading and then 

the batch-sizes setting on each SFM. 

6. Conclusions 

Existing FMS research does not incorporate batching consideration into the loading decision.  In 

this paper, we study the problem of tool loading and batch sizing on multiple single flexible machines 

(SFMs) among workstations with the objective of minimizing the total flow time.  The problem is 
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proved to be NP-hard.  By using the IBM-3090 supercomputer, we were able to obtain the optimal 

solutions for small size problems.  These optimal solutions provide the basis for analyzing the optimal 

decisions and for evaluating the performance of the heuristic procedure.  Also, the ratio comparison 

provides an efficient method for obtaining the heuristic solution and some implications for the tool 

loading and batch sizing decisions.  These results may be applied to other similar production 

environments.   

Further studies should be directed to the integration of the tool loading and batching problem with 

other system setup subproblems such as machine grouping problem, production ratio problem, resource 

allocation problem, etc.  In terms of the solution procedure, hierarchical, iterative and simultaneous 

approaches are suggested for such an integration effort.  The heuristic algorithms developed in this 

paper provide a good foundation for these future studies.  

 

Appendix 

Proof of Lemma 1. The only difference between the single-product type case of P1 and P2 lies in that 

(15) replaces (4) on SFM i.  So each constraint in the proposed case of P1 can be transferred into the 

corresponding constraint of P2. This completes the proof. 

Proof of Lemma 2. As any specific tooling assignmentσincurs, P2 reduces to the batching problem. 

In this case, Aiσ(i) = Ei , and Aij = 0 , j≠σ(i) , j ∈ Li , i≤ p. Define gb(riσ(i) , siσ(i) , Ei) as the flowtime 

incurs on SFM i. Then, fb( m,Rσ,Sσ,D) ≡ ).,( )σ(
1

)σ iii

p

i
iib E,srg∑

=
(   Using the results of DKR's closed 

form [3],  we obtain the relationship between niσ(i) and qiσ(i)b , b=1,..., niσ(i) ,  

(qiσ(i)b > 0 ) for the optimal solution. Suppressing the subscript, ),σ( ii it becomes the following 

expression: qb = Ei/n + sr(n +1)/2 − bsr, for qb > 0, b =1,.., n. By incorporating this expression into the 

objective function for SFM i , gb( r , s , Ei ) becomes a function of n , s , r , and Ei . Then, we have gb(r , 

s , Ei) = ∑∑
==

=+
b

h
h

M

b
b rqsq

11
)( +∑

=

n

b
bbqs

1
,rqq

b

h
h

n

b
b ][

11
∑∑
==

where 1≤ n ≤ M, qb > 0, b = 1, ..., n, 
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and M is an upper bound on the total number of batches (DKR) [4]. Let A = Ei /n + sr(n+1)/2 and B = 

sr.  Then, gb (r, s, Ei) = n (n+1)[sA/2 − (2n+1)sB/6 + sA2/(2B) − sA/2 + sB/12 + n(7sB/24 − sA/2) + 

sn2B/8 ] = (r/24)[− s2 n3 + (12 Ei s/r+s2 )n + (12 Ei
 2/ r2 +12 Ei s/r) + 12 Ei

 2/( r2 n)] = (n+1){r s2 n 

(1−n)/12 + Ei [s+ Ei / (nr) ]}/2. Since Ei = r[λσ n/(n+1) − sn/2],  

gb (r, s, Ei) = (n+1){r n[ 2
σλ / (n+1)2− s2(n+2)/12]}/2.  By definition, we have fb(m,Rσ, Sσ, D) ≡ 

).,,( i)σ
1

i)σ i(i

p

i
(ib Esrg∑

=

 Hence, fb(m, Rσ , Sσ , D) = )()()()(
2

1
){1( iiiiii

p

i
ii nsrn σσσσ +∑

=
iii En +12)-(1 )(σ  

2)]}([ )()()( iiiiiii rnEs σσσ +  = 2]}12)2(-)1([){1( )()()()()()(
222

1
+++∑

=
iiiiiiiiii

p

i
ii nsnnrn σσσσσσσ λ , 

where )(iin σ =  21)](241[ 21
)()( ++ iiiii rsE σσ  =  21]241[ 21

)( −+ iis σσλ  , σλ = 

++ )()( )11( iiiii rnE σσ  ,2)1( )()( +iiii ns σσ  and ,2])1([ )()()()()( iiiiiiiiiii snnnrE σσσσσσ λ −+=  

 i = 1, 2,…, p.  This completes the proof. 

Proof of Corollary 1. From Lemma 2 and the fact that siσ(i) > riσ(i) > D, it is obvious that niσ(i) = 

=+== ∑
=

m

i
)i(ii)i(iib rEsED,S,R,mf.m,...,i,

1
)()(Hence,11 σσσσ  where4

1

22∑
=

−
m

i
)i(i)i(i ,)s(r σσσ λ    

.m,...,i,srE,srE )i(i)i(ii)i(iiii 12)(2 )σ( =−=+= σσσσσ λλ   Also, σλ ⋅ riσ(i) = 2Ei + siσ(i) riσ(i ) . 

Summing both sides of the preceding equation from i = 1 to m, we obtain the following expression. 

σλ = .)()2(
1 1
∑ ∑
= =

+
m

i

m

i
)i(i)i(i)i(i rrsD σσσ   This completes the proof. 

Proof of Lemma 3. In the case of 2m single-tool SFMs, because of the condition that 2D < sij rij , we 

can obtain the batch flow-time by means of Corollary 1.  Hence, fb(2m, R, S, 2D) =  

4,)( )σ(
1

2

1

222

1

2

1
rsrAsA ii

m

i j
ijijijij

m

i j
ij ∑∑∑∑

= == =

−=+ λ  in which Aij is the amount allocated to the  

( 2 (i -1) + j )th SFM for the new system. Since all SFMs are active, Aij > 0, i = 1, ..., m, j = 1, 2,  

][]4[
1

2

11

2

1
∑ ∑∑ ∑+=
= == =

m

i j
ij

m

i
ij

j
ij rrsDλ . For simplicity, define W ≡∑∑

= =

m

i j
ij ,r

1

2

1

 T ≡∑∑
= =

m

i j
ijij rs

1

2

1

,and 
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Q ≡ rs ij

m

i j
ij∑∑

= =1

2

1

2 .  We then have Q>>T>>W, WTD )4( +=λ  and fb (2m,R ,S,2D) = +WD24  

.QWTWTD 4)4(2 2 −+   Similarly, define ∑
=

≡
m

i
iirW

1
)(σσ  ∑

=

≡
m

i
)i(i)i(i rsT

1
σσσ , and ≡Qσ  

∑
=

m

i
)i(i)i(i rs

1

2
σσ .  It follows that Qσ> > Tσ> > Wσ , WTD σσσλ )2( +=  and fb(m,Rσ , Sσ  , D) = 

4][ 22 QWTWTDWD σσσσσσ −++ .  From the algebraic fundamentals ([7, p.218]), and the 

conditions that Q >> T >> W, D, and Qσ>> Tσ>> Wσ , D, we can prove the Lemma through the 

following deduction: fb(2m,R, S,2D) = 2fb(m,Rσ, Sσ, D), if and only if =W4 W σ2 , WTWT σσ22 = , 

and 4)( 2 QWT − 4)(2 2 QWT σσσ −= ,if and only if =σW ,W 2 2TT =σ  and ,QQ 2=σ if an only 

if rsrs )i(i

m

i

h
)i(i)i(i

m

i

h
)i(i δδσσ ∑∑

=

−

=

− =
1

2

1

2  , h = 0, 1, 2.                 Q.E.D.                              

Proof of Theorem 1. We will show that an NP-hard problem is reducible to P2 in the case where 2D < 

sij rij , j = 1, 2, i = 1 ,,..., m.  Based on the original conditions, we have {σ(i),δ(i)} =  

{1, 2}, i = 1, ..., m.  Define a problem DP: Given positive numbers D , sij and rij , such that sij rij > 2D , 

j = 1, 2, i = 1, ..., m, and fb(2m,R ,S , 2D). Question: Does there exist an assignment,σ, such that 

fb(2m,R, S,2D) = 2fb(m, Rσ ,Sσ ,D) ?  Clearly, if problem DP cannot be solved in deterministic 

polynomial time, neither can problem P2.  From Lemma 3, DP is equivalent to finding an σ such 

that ∑∑
==

− −=
m

i
i

m

i
i

h
)i(

h
)i(i)i()i( rsrs

11

2 2
δδσσ , h=0, 1, 2, where )}({\}2,1{)( ii δσ ∈ ,i=1,…, m.  Suppose 

)i(i
h

)i(i)i(i
h

)i(i rs,rs δδσσ
−− 22 <<M, h = 0, 1, 2.  Then, we can construct a weighted set problem as follows. 

Question: Does there exist an assignment, σ, such that∑∑
= =

m

i h

hMsr iiii
1

2

0

-2)( )()( σσ = ∑∑
= =

m

i h

hMsr iiii
1

2

0

-2)( )()( δδ  ?  

This problem has been proved to be NP-hard ([5, p.223]).  Hence, P2 is NP-hard. 

Proof of Lemma 4.  The conclusion follows directly from the concept of dominant tool loading.  

Suppose that tool type h was selected on SFM i in our optimal solution.  Then, it would contradict the 

fact that the objective would be improved should we exchange tool type j with tool type h.                     

Proof of Lemma 5.  From Lemma 4 and the concept of dominant tool loading, the result follows 
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immediately. 
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Table 1.  Computational results for algorithms BES1, BES2 and BHS 
 

  Numbers of      Distribution of    CPU time in      CPU time in      α = (heu. sol. −     CPU time in 
  workstations /    each product      seconds of        seconds of        opt. sol.) / opt. sol.  seconds of 

SFMs / tools *    type’s demand **  algorithm BES1   algorithm BES2   × 100%           algorithm BHS 
  

10 / 5 / 5         N(µ , σ)          0.332024         0.335236         0.00%              0.04125 

10 / 5 / 10        N(µ , σ)          0.171732         0.115141         0.00%              0.013692 

10 / 5 / 15        N(µ , σ)          0.612018         0.756041         0.00%              0.043802 

10 / 5 / 20        N(µ , σ)          0.390542         0.377353         0.00%              0.021314 

10 / 5 / 25        N(µ , σ)          0.162474         0.187291         0.00%              0.012272 

10 / 5 / 30        N(µ , σ)          0.526431         1.028072         0.00%              0.031471 

10 / 5 / 40        N(µ , σ)          0.707721         0.554191         0.00%              0.027623 

10 / 5 / 50        N(µ , σ)          0.583164         0.429504         0.00%              0.025416 

10 / 5 / 60        N(µ , σ)          0.557502         0.671957         0.00%              0.046794 

10 / 5 / 70        N(µ , σ)          0.321477         0.635921         0.00%              0.054977 

10 / 5 / 80        N(µ , σ)          1.460843         1.876706         0.00%               0.027525 

10 / 5 / 90        N(µ , σ)          1.267749         1.682032         0.00%              0.046794 

10 / 5 / 100       N(µ , σ)          1.185041         1.015274         0.00%              0.036868 

10 / 10 / 10       N(2µ , 2σ)        3.359976         5.546256         0.00%              0.079320 

10 / 10 / 20       N(2µ , 2σ)        2.875952         6.164336         0.00%              0.054164 

10 / 10 / 30       N(2µ , 2σ)        15.476321        17.313212         0.00%               0.117614 

10 / 10 / 40       N(2µ , 2σ)        72.044533        82.006573        0.00%              0.104797 

10 / 10 / 50       N(2µ , 2σ)        84.535737        45.909851        0.00%              0.114582 

10 / 10 / 60       N(2µ , 2σ)        252.249141       248.948763       0.00%              0.179143 

10 / 10 / 70       N(2µ , 2σ)        230.244476       260.088892       0.00%              0.202622 

10 / 10 / 80       N(2µ , 2σ)        252.129641       407.676588       0.00%              0.175447 

10 / 15 / 20       N(3µ , 3σ)        390.079165       1031.269551      0.00%              0.217302 

10 / 15 / 30       N(3µ , 3σ)        468.837888       747.024348       0.00%              0.190164    

5 / 15 / 40        N(3µ , 3σ)        245.543125       2235.728545      0.00%               0.123875 

5 / 15 / 50        N(3µ , 3σ)        1097.361855      3487.869145      0.00%              0.112307 

5 / 15 / 70        N(3µ , 3σ)        1078.098543      1204.733530      0.00%               0.093121 
 
           Total Replications = 130                      Average Percentage = 0.00% 
 
Note: BES1 = an optimal solution algorithm using the branching rule (30) for solving problem P2. BES2 = an optimal 
solution algorithm using the branching rule (31) for solving problem P2.  BHS = a heuristic solution algorithm of problem 
P2, and α= percentage of the heuristic solution above the optimal solution of problem P2.  
* w / m / l = l tool types on each SFM, m heterogeneous SFMs at each workstation and w logical workstations.  
μ= 1000, σ= 200, ** five replications of each problem settings. 
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Table 2.  Computational results for algorithm BHS as the ratio above the lower bound 
 

  Numbers of    Number of     Distribution of     Upper limits of     α = (heu. sol. −      CPU time in 
  workstations /  magazine      each product       the searching       (lower bound) /       seconds of 

SFMs          tools          type’s demand *    tree depth **       (lower bound)        algorithm BHS 
  

10 / 20         90           N(4μ, 4σ)        15                0.043017           0.395197 

              100          N(4μ, 4σ)       15                0.043592           0.353215 

10 / 25         20           N(5μ, 5σ)        20                0.068913           0.564182 

              25           N(5μ, 5σ)       20                0.073171           0.862433 

              30           N(5μ, 5σ)       15                0.055204           1.023062 

              40           N(5μ, 5σ)       15                0.060203           0.712795 

              50           N(5μ, 5σ)       15                0.057798           1.261289 

              60           N(5μ, 5σ)       15                0.046115           1.345223 

              70           N(5μ, 5σ)       15                0.050697           1.069793 

              80           N(5μ, 5σ)       15                0.053384           0.891183 

              90           N(5μ, 5σ)       15                0.052182           0.917596 

              100          N(5μ, 5σ)       15                0.034591           0.755201 

5 / 30          10           N(6μ, 6σ)        20                0.063012           0.468954 

              15           N(6μ, 6σ)       20                0.045484           0.301698 

              20           N(6μ, 6σ)       15                0.069660           0.353853 

              25           N(6μ, 6σ)       15                0.068894           0.538252 

              30           N(6μ, 6σ)       15                0.070768           0.390159 

              40           N(6μ, 6σ)       15                0.058197           0.380096 

              50           N(6μ, 6σ)       15                0.044606           0.456688 

              60           N(6μ, 6σ)       15                0.064882           0.607871 

              70           N(6μ, 6σ)       15                0.048888           0.508413 

              80           N(6μ, 6σ)       15                0.041359           0.530154 

              90           N(6μ, 6σ)       15                0.057705           0.772320 

              100          N(6μ, 6σ)       15                0.051616           0.623085 

 

           Total replications = 24                      Average ratio = 0.055164 
 
Note: * one replications of each problem setting.**The searching tree is obtained by using Algorithm BES1. BES1 = an 
optimal solution algorithm using the branching rule (30) for solving problem P2, BHS = a heuristic solution algorithm of 
problem P2, and α= percentage of the heuristic solution above the optimal solution of problem P2. 
μ= 1000, σ= 200. 

 


